Abstract A methodology of time-step estimation for numerically solving the Richards equation is discussed. Its importance in simulating water movement in unsaturated-saturated soils is shown for infiltration into a soil profile by applying various time-step estimations and boundary conditions for different soils. In order to test the results of the computations, infiltration theory was applied. According to infiltration theory, the pressure head in the initially unsaturated part will not take positive values as long as the moisture front has not reached the phreatic level, or, in the case of a profile with a free-draining lower boundary, it is not saturated at the base. In other cases, the appearance of positive values of the pressure head produces incorrect values for the inflow rate q.
INTRODUCTION
Many water flow processes that occur in soil have been analysed, and they can be treated in a quantitative way based on sound physical principles. One can differentiate between the flow below the water table (saturated flow) and that above the water table (unsaturated flow). Early solutions and methods of study were generally concerned with saturated water flow. It is evident in cases of saturated flow that the equations are simpler, very often linear, particularly in steady flow in isotropic and homogeneous porous media (Laplace equation), and in some simplified problems. Simplification can be achieved by introducing the Dupuit-Forchheimer assumptions, which have been used frequently in solving saturated soil-water problems (i.e. the Bousinesq equation).
These approaches were predominant until the late 1950s. At this point there was a noticeable development in soil physics and soil hydrology with the aim of obtaining a better understanding of the nature of soil-water phenomena. The new approaches required the development of methods to determine the hydraulic properties of soil, i.e. soil-water characteristics, and hydraulic conductivity for a wide range of soil-water contents, θ ≤ θ s , where θ s is the water content at full saturation.
Parallel methods have been developed for the measurement of water content and soil-water potential in both dynamic and undisturbed conditions through laboratory and field experiments (Zaradny, 1988) .
The fundamental Richards equation of water movement in soil (Richards, 1931) describes the water flow for both saturated and unsaturated zones. The Richards equation can also be used for anisotropic, slightly compressible soil-water systems, with either constant, controlled or variable atmospheric boundary conditions.
From the general form of the Richards equation we can derive the following for homogeneous and isotropic soils: -the Laplace equation -for saturated soils and steady state conditions; and
THE RICHARDS EQUATION
The Richards equation describes soil water movement in a slightly compressible, saturatedunsaturated soil. It is assumed that air and vapour is at atmospheric pressure and has negligible influence on the flow process. For 2-D flow the Richards equation has the following form (e.g. Zaradny, 1990 Zaradny, , 1993 : 
is the relative hydraulic conductivity at the pressure head h; k(h) is the hydraulic conductivity at pressure head h; k s is the tensor of hydraulic conductivity at full saturation (h ≥ 0):
C(h) = ∂θ/∂h is the differential water capacity at pressure head h; θ is the water content; S s is the elastic capacity of soil at full saturation (h ≥ 0); ζ = θ/θ s is a factor depending on soil saturation; θ s is the water content at saturation; x and z are coordinates of the system in which z is the vertical coordinate; and t is time.
Equation (1) is a nonlinear second-order differential equation whose type is parabolic for an unsaturated zone (whereas C(h) ≠ 0) and also for a saturated zone if S s ≠ 0, but is elliptical in the saturated zone for S s = 0.
The nonlinearity of this equation arises from the dependence of the parameters k(h) and C(h) in the variable state, i.e. the pressure head h. It should be stressed that for soil the variability of these parameters as a function of h can be very high, up to a few orders of magnitude with respect to the hydraulic conductivity k.
The elastic capacity S s (also called specific storage) reflects the combined elastic properties of the porous medium and the water, assuming negligible influence of lateral strains.
To obtain a solution, equation (1) must be supplemented by appropriate initial and boundary conditions, as well as the soil characteristics. At the initial condition (t = 0), the pressure head is specified as a function of coordinates x and z:
where H is the hydraulic head; and z is gravitational head.
Three types of boundary condition can be distinguished: -Dirichlet condition: specification of the dependent variable, pressure head h(x, z, t); -Neumann condition: specification of the derivative of the pressure head, which for the soilwater problem means specifying through boundary conditions, q(t); and -Cauchy condition: both first and second types of condition are determined in the area of flow.
Very often the boundary conditions are of an atmospheric type, meaning those segments of boundary that are under atmospheric influence: the seepage face is defined as:
and the infiltration or evaporation boundaries are defined by:
where Γ 1 + Γ 2 ≤ Γ and Γ is the total flow region; and n is the unit vector, outward and normal to the boundary. For the infiltration or evapotranspiration boundaries, a solution must be sought by maximizing the absolute value of the flux (Feddes et al., 1978) . If the infiltration capacity is smaller than the flow rate q, then a part of the infiltrated water will remain on the surface as a puddle or small pond, and may eventually runoff.
It must be remembered that a seepage face, i.e. outward flow, can occur at the boundary Γ 1 where the very proximity is fully saturated. If this condition is not complied with, then one will have H = h + z ≤ z on the strength of h < 0 and consequently q = 0. This means that there will be no outflow of water through the boundary, the closest proximity of which remains unsaturated.
, and introducing so-called soilwater diffusivity (Buckingham, 1907) :
then equation (1) can be written as follows:
Equation (4) is called a nonlinear Fokker-Planck equation, which describes unsaturated water flow in homogeneous and isotropic soil. Of the known analytical or quasi-analytical solutions of equation (4), the solutions of Philip (e.g. Philip, 1957 Philip, , 1974 and Parlange (e.g. Parlange, 1971 , 1972 are the most popular. All of these are obtainable only after simplification of the problem's physical description, for example: for a constant initial and constant boundary conditions (Dirichlet type in Philip's solution and Neumann type in Parlange's solution).
Soil-hydraulic parameters
For solution of the problem, the pedogenetic soil horizons and the values of h = f(θ) and k(h) must be known. The relationships h = f(θ) and k(h) have to be determined by laboratory experiments, by in situ measurements or by using pedotransfer functions. It is known that the hydraulic properties of soils are unique and differ from soil to soil depending not only on the soil texture, but also on pedogenesis. Therefore, one should assume that the necessary minimum for determination of soil properties in the simulation of water flow consists of the water content curve h = f(θ) for a fairly wide range of θ, and at least the hydraulic conductivity at saturation. Under this assumption we can use the relationships cited in bibliographical sources in order to determine k(h). Formulae given by Burdine (1953) , Mualem (1976) and van Genuchten (1979) are currently very popular.
If no measured data for the elastic capacity S s are available, one can determine S s from (Zaradny, 1993) :
where ρ is the bulk density of water (kg m -3 ); g is acceleration due to gravity (m s -2 ); θ s is water content at saturation (cm 3 cm -3
) ; β is the modulus of water compressibility (β = 4.6 10 -10 m 2 N -1 for clean water at 293° K and at atmospheric pressure); B is the Skempton coefficient (Skempton, 1954) , which is 0.9984 for loose sand, 0.9921 for dense sand, 0.99718 for silty sand and 0.9981 ≤ B ≤ 0.9998 for clay.
Solution of the Richards equation
The majority of practical problems can only be solved by numerical methods. Due to the nonuniform flow region having irregular boundaries and arbitrary degrees of local anisotropy, as well as the potential type of boundary conditions (e.g. the atmospheric boundary conditions), finite element models (FEM) are preferable (Zaradny & Feddes, 1979; Zaradny, 1993) .
The size of elements in the FEM method can vary as required by the geometry and layout of soil layers and the anticipated potential gradients. A general rule observed in the computations of Zaradny & Feddes (1979) , was the application of smaller elements at locations where the gradients were high or very variable, and where more detailed information was sought.
An efficient and accurate solution depends not only on the sizes of elements Δz, but also on proper estimation of the time step Δt.
TIME STEP ESTIMATION
The proper estimation of the time step Δt is crucial in obtaining an efficient and accurate solution of the Richards equation. This is characteristic of the problems described by nonlinear equations.
From pure physical analysis of the stability of finite difference in an explicit scheme, the time step can be derived from the expression (Zaradny, 1990 (Zaradny, , 1993 :
where C s is the soil compartment capacity for water storage and T a is the compartment ability for water transport at Δh =1. If Δz is the size of soil compartment (Δy = 1), C s can be expressed as:
where C(h) is the differential moisture capacity at soil water pressure head h < 0.
For the infiltration problem, T a can be described as:
where k(h) is the hydraulic conductivity at pressure head h. Substitution of equations (7) and (8) in equation (6) yields:
Zaradny (1974) derived a practical criterion for estimation of the time step Δt for an implicit scheme. It was done on the basis of simultaneously performed numerical and physical experiments (Zaradny, 1978) . This criterion has the following form:
where FAC is a coefficient (number) depending on the kind of flow; for rapid variation of boundary conditions (e.g. infiltration) one should use lower values (FAC ≤ 0.005) while higher FAC (between 0.005 and 0.035) should be applied to slowly varying processes such as capillary rise. Δz is spatial step; and
is a maximal actual flux at the boundary for the previous stage of computation (t i-1 = t i -Δt i ). For infiltration and any situation with considerable changes of the boundary conditions, and at the beginning of the simulation process, the lowest values of the FAC factor are recommended. This criterion permits higher accuracy of computations to be achieved, together with considerable shortening of time in comparison with the well-known criterion of Richtmyer (Richtmyer, 1957) . Using this method, the difficulties with the efficiency of computations for coarse soil have been overcome.
In 1983, Belmans et al. proposed a criterion:
where 0.001 ≤ Δθ max ≤ 0.002 cm 3 cm -3 ; and (Δθ/Δt) max is the maximum rate of water content changes in any point of the flow region.
Result of simulations for one-dimensional problems
The time-step estimation method given by equation (10) was implemented in the computer program HZARLOS. The program, written by Zaradny (Zaradny, 1990 (Zaradny, , 1993 in FORTRAN, is for the finite element method based on the Galerkin approach. The basic element in HZARLOS is a triangle. Rectangular elements are allowed, but these are automatically divided into two triangles. The program was developed for 2-D problems but can also be used for solving 1-D problems. If infiltration is to be modelled, the size of elements in the x-direction must be significantly smaller than the size of flow region in the z-direction by, say, a few hundred times.
Here, water flow in a soil profile (the flow region) of width b = Δx = 1 cm and height L = 500 cm has been analysed.
One-dimensional infiltration into medium coarse sand
In all discussed cases, the results of pressure heads h and fluxes q were obtained numerically. It was assumed that the relationships h = f(θ) of soil and the hydraulic conductivity at saturation k s are as according to Rijtema (1969) . For the purposes of simulation, the relative conductivities k r Fig. 1 The hydraulic characteristics of medium coarse sand (retention function according to Rijtema (1969) , with arbitrary assumed linear relative conductivity function). were arbitrarily taken as linearly dependent on the water content θ, as shown in Fig. 1 . A model of 50 uniform rectangular elements (Δx = 1 cm, Δz = 10 cm) was employed to represent the flow region. The initial condition was:
At the top of the soil profile, the following boundary conditions were assumed: h(z = 500, t) = -500 (1 -10t) for t ≤ 0.1 h; and h(z = 500, t) = 0.0 cm for t > 0.1 h. At the bottom (z = 0), two cases (A1 and B1) were investigated:
Case A1 ∂H/∂z = 0, which means that the lower boundary of the soil profile was impervious. Calculated values of pressure head h are depicted in Fig. 2 . One can see that for time t ≥ 9.418 h, the soil profile is fully saturated and then the pressure head h is hydrostatically distributed (h = z). At time t ≥ 9.418 h the infiltration rate q into soil was equal to zero (see Fig. 3 ). For time t < 9.418 h the infiltration rate q ≥ k s ⋅i = 12.5 cm/h, which is in agreement with the theory of infiltration (e.g. Philip, 1957) . In the calculations, the time steps Δt as shown in Fig. 4 were used. Although not shown here, unsatisfactory results have been obtained for simulation experiments with much higher values of time step (compared to those depicted in Fig. 4) .
One-dimensional infiltration into coarse loamy sand
Another illustrative example concerns the coarse loamy sand. The hydraulic parameters of the soil were assumed according to Wösten et al. (1986) . The curves h and k r = k(θ)/k s versus water content θ are shown in Fig. 6 . Saturated hydraulic conductivity k s of the soil under consideration was assumed equal to 9.3 cm/h, and water content at saturation was θs = 0.334 cm 3 /cm 3 . Three cases A2, B2 and C2 were simulated. For all cases, the initial and boundary conditions were assumed identical. These were: -initial condition:
H(z, t = 0) = h(z, t = 0) + z = 300 cm, for z ≥ 0
Fig. 6
Curves h and k r versus water content θ for coarse loamy sand according to Wösten et al. (1986) .
-boundary conditions: at bottom: h(z = 0, t) = 300 cm, for t ≥ 0 at top: h(z = 500, t) = -200 (1 -10 t) for t ≤ 0.1 h h(z = 500, t) = 0.0 for t > 0.1 h Case A2 The soil profile of length L = 500 cm has been divided into 40 rectangular elements (12.5 × 1.0 cm). For numerical purposes, for time t ≥ 0.1 h, a constant time step Δt = 0.4 h was assumed. Results of computations are depicted in Figs 7 and 8. It can be concluded that the results obtained for h are not correct. According to infiltration theory (e.g. Philip, 1957 ) the pressure head in the initially unsaturated part would not take positive values as long as the moisture front has not reached the phreatic level (at z = 300 cm). These incorrect pressure head results have also produced incorrect values of the inflow rate q, as shown in Fig. 8 . As mentioned previously, the calculated values of q can not be smaller than q = k s ⋅i = 9.3 cm/h.
The incorrect results are due to the over-estimated time step. From the criterion of Zaradny (equation (10)) the time step should be:
Therefore the applied time step was at least 60 times greater.
Case B2 This case has been performed for the same finite element network (40 elements) as in case A2, but for correctly estimated time steps Δt. The time step values applied (Δt) are listed in Table 1 . In the calculations, two variants were chosen: -Case B2.1: S s = 10 -8 cm -1 -which means that for both zones (saturated and unsaturated) the parabolic form of Richards equation has been solved; and 
N is the number of nodes in the network; h is the pressure head. pressure head h were obtained before the moisture front had reached the phreatic level). The incorrect values of h also produced incorrect values of the flux (inflow), which is easily seen in Fig. 10 (the symbols below the dashed line at time t < 4.0 h).
Furthermore, a practical conclusion can be drawn from the presented results: by taking an adequate value of S s ≠ 0 one can preserve the parabolic type of the Richards equation in both the saturated and unsaturated zones. Even if the media are ideally incompressible, introducing an adequately small value of S s (necessary to maintain the parabolic form of the equation) would be of no practical importance to the results of computations (detailed discussion in Zaradny, 1993) .
CONCLUSIONS
As shown above, many of the flow processes that occur in soil have been analysed and can now be treated in a quantitative way based on sound physical principles. It is generally known that the unsaturated-saturated flow model is more complicated than the model based on saturated flow only. This is because of the nonlinearity in the partial differential equation, which is due to the unsaturated flow part. The computed results presented here show how the estimated time step and the spatial grid applied can significantly influence the numerical solution of unsaturated flow problems (see also van Dam et al., 2004) . The size of the elements should be sufficient to estimate, with good accuracy, the moisture conditions in the soil profile. This is especially significant for soils which exhibit pronounced changes in water content and hydraulic conductivity, even for small differences in pressure head h (see, e.g. Zaradny & Feddes, 1979; Zaradny, 1993) .This also highlights the fact that a numerical solution should always be verified against seepage theory and/or known solutions if they are available. A good computer program does not guarantee that the computed results will be accurate, and should therefore be actively checked against the principles of soil water physics. This work is aimed at such a mathematical simulation of water movement in unsaturated-saturated soils.
